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Abstract 

In our proceeding paper a generating set of the derived Picard group of a selfinjective 
Nakayama algebra was constructed combining some previous results for Brauer tree 
algebras and the technique of orbit categories developed there. In this paper we finish 
the computation of the derived Picard group of a selfinjective Nakayama algebra. 


1 Introduction 

The derived Picard group TrPic(d) of an algebra A is the group of standard autoequiva¬ 
lences of the derived category modulo natural isomorphisms. This group is an interesting 
invariant of the derived equivalence connected to various other invariants such as Hochschild 
cohomology [T], the identity component of the algebraic group of outer automorphisms [2] 
and the group of autoequivalences of the stable category in the case of a selhnjective algebra. 

The derived Picard group was computed in a few cases. If A is local or commutative 
with a connected spectrum, then TrPic(y4) ~ Pic (A) x Z (see |3], |1]). In the work of Miy- 
achi and Yekutieli the derived Picard group was computed for hnite dimensional hereditary 
algebras [S]. In the work of Lenzing and Meltzer [B] the group of autoequivalences of the 
bounded derived category of a canonical algebra was studied and in the work of Broomhead, 
Pauksztello and Ploog this group was described for discrete derived categories [7]. 

The derived Picard group of a symmetric Nakayama algebra or an algebra derived equiv¬ 
alent to a symmetric Nakayama algebra was studied in many papers. Rouquier and Zim- 
mermann dehned a braid group action on the derived category of a Brauer line algebra with 
multiplicity 1 (see m- Later, Zimmermann investigated the case of arbitrary multiplicity 
|8]. Schaps and Zakay-Illouz dehned an action of a braid group corresponding to An-i on 
the derived category of a Brauer star algebra with arbitrary multiplicity [9]. Note that the 
class of Brauer star algebras with arbitrary multiplicity coincides with the class of symmetric 
Nakayama algebras. Khovanov and Seidel developed the theory of spherical twists in HD], 
it follows from ra and m that the braid group action dehned in [3] is faithful. In [T2] 
Muchtadi-AIamsyah proved that the braid group action dehned in |9] is faithful in the case 
of multiplicity 1. In [13] the second named author computed the generating set of TrPic(A) 
for a Brauer star algebra with arbitrary multiplicity. In na both authors extended this 
result to the class of selhnjective Nakayama algebras. 
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Let k be an algebraically closed field and A be a selfinjective Nakayama algebra over k. 
The aim of this work is to describe the derived Picard gronp of A. The paper is organized 
as follows: in Sections O and 12.21 we collect some preliminary resnlts on standard derived 
eqnivalences and the derived Picard gronp. In Section 12.31 we recall the techniqne of orbit 
categories or smash prodncts developed in [H], which is nsed in Section 1X71 

In SectionOwe formnlate and prove onr main resnlt: the description of the derived Picard 
gronp for selfinjective Nakayama algebras. 

Let m,n,t > 0 he some integers. We snppose that n and t are coprime. Let Qnm be a 
cyclic qniver with nm vertices. Let Inm,tm be an ideal in the path algebra of Qnm generated 
by all paths of length tm + 1. We denote Nnm,tm ■= ^Qnml'^nm,tm- 

Theorem. 1) If m = 1, then 

TrPic(A/'nm,tm) = TrPic(Mi,t) = Cn x (k) X (Poo- 

2) If m > 1 and t = 1, then 

TrPic(A/'nm,tm) = TrPic(A/'„m,m) = Am,n X k*- 

3) If m > 1 and t > 1, then 

TrPic(A/)im,tm) — (^(^m—l) Qnmf X J (k) X (Poo- 

The corresponding gronps are defined in Section 12.41 In Section 13.11 we describe the 
Picard gronp of a selfinjective Nakayama algebra, in Section we describe the generating 
set of TrPic(74) and prove the first part of the theorem. In Sections 13.31 and 13.41 we describe 
an algebra IZ, which is derived eqnivalent to Afnm,m- This algebra was stndied in [15], there 
a faithfnl action of a braid gronp was defined, providing a generalisation of the resnlts from 
pH] , using this result we prove the second part of the theorem in Section 13.51 In Section 
13.61 we recall some facts about the affine braid group B(An-i) and it’s faithful action on 
the derived category in some cases. Also one nice monomorphism of affine braid groups is 
described in this section. In Section 13.71 we extend the faithfulness to the general case, this 
allows us to prove the third part of the theorem in Section 13.81 
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discussions on braid groups. The work of the first named author was partially supported 
by the Russian Foundation for Basic Research (RFFI grant 13-01-00902) and by the Sao- 
Paulo Research Foundation (proc. 2014/19521-3), the work of the second named author 
was partially supported by the Russian Foundation for Basic Research (RFFI grant 13-01- 
00902) and by the Chebyshev Laboratory (Department of Mathematics and Mechanics, Saint 
Petersburg State University) under Russian Federation Government grant 11.G34.31.0026. 

2 Preliminaries 

2.1 Standard derived equivalences and the derived Picard group 

Throughout this paper k is an algebraically closed field and we simply write 0 instead of 
G)^. Let A and B be k-algebras. All modules are right modules if otherwise is not stated. 
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We denote by CA the category of ^-complexes. By K,A we denote the homotopy category of 
CA. By /CpA we denote the snbcategory of KA of bonnded complexes of finitely generated 
projective modnles. By T>A we denote the derived category of KA. The algebras A and B are 
called derived eqnivalent if their derived categories are eqnivalent as triangnlated categories. 
It is well known that if A and B are derived eqnivalent then there are a complex of 1?°^ (8) 81- 
modules X and a complex of 8l°P 0 5-modules Y such that X 0^ Y = B m. V{B°^ 0 B) and 
Y X = A in P(y4°P 0 A) [16]. In this case X is called a two-sided tilting complex. The 
complex X dehnes an equivalence Tx = — 0sX : BB —)■ BA (which is quasi-inverse to Ty). 
It is well-known that the equivalence Tx induces an equivalence from K'^B to K}^A. The 
equivalence Tx : IC^B —>■ )CpA is dehned modulo natural isomorphism by the isomorphism 
class of X in P(y4°P 0 B). Moreover, if Tx = T^', then X = X'm. B{B°'^ 0 A). 

Definition 1. The equivalences of the form Tx are called standard equivalences. The set of 
isomorphism classes of two-sided tilting ^4°^ 0 A-complexes forms a group with respect to 
the operation 0yi. This group is called the derived Picard group of A and we denote it by 
TrPic(A). As it was mentioned above the group TrPic(A) can be considered as a group of 
standard autoequivalences of modulo natural isomorphisms. 

2.2 Standard derived equivalences and tilting functors 

It is not very convenient to work with complexes of bimodules. To circumvent this problem 
we need the following dehnitions. 

Definition 2. A complex H G /CjjA is called a tilting complex for A if the following two 
conditions are satished 

1. KApA{H, H[i\) = 0 for all i ^ 0; 

2. the minimal triangulated subcategory of XpA which contains H and is closed under 
isomorphisms, direct summands and direct sums contains A. 

A tilting functor from B to JC^A is a pair [H, 9) where if is a tilting complex for A and 
6 : B ^ Endjch a{H, H) is an isomorphism of algebras. We say that (if, 6) is isomorphic to 
{H',9') if there is an isomorphism ^ G ]CpA{H, H') such that ^9{b) = 6'{h)^ for all h E B. 
Sometimes we simply write 6 instead of (if, 6) if H is clear. 

Every standard equivalence Tx '. K,pB —)■ JCpA defines a tilting functor {Hx, Ox), since B 
is an object of JCpB and B = End^bB(ii, B) = End^b^(Tx(ii), Tx(ii)). Conversely, if (if, 9) 
is a tilting functor, then there is a two-sided tilting complex X such that {Hx ,9x) = {H,9) 
(see m Section 9]), but the construction of X is tedious. We want to construct a functor 
Fg : ICpB -E JCpA in such a way that Fg = Tx. This construction was introduced in [TB] 
and is described in m Section 3] with a slight simplihcation. We recall some details of 
this construction here for convenience. Denote by Vb the category of finitely generated 
projective i?-modules and by addif the full subcategory of JCpA formed by direct summands 
of hnite direct sums of copies of if. Then 9 induces an equivalence Sg : Vb —^ addif. 
The construction of Sg is described in [H]. Note that the equivalence Sg defines the tilting 
functor 9. So sometimes we will define the tilting functor (if, 9) by the description of the 
equivalence Sg. 

Suppose that we have constructed the functor Sg. Let us consider U G KffB. Then 
U = ©igzf/j, where Ui G Vb- The object Vi := S{Ui) G addif {i G Z) is defined and has 
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some grading Vi = The last formula defines a bigrading on Id := Se^U) = (Bi^zVi = 

Note that Vij = 0 for large enough and small enough i or j. Let du ■ U ^ U he 
a differential of U. Then du = where du,i G Homs(t/j, Ui+i). Let us choose some 

representative of Se^djj^i) in CAiVi, ^+i) and denote it by di^i. Note that di^i = Yh 

jGZ 

some : Vi^j We define := and Ti = Also for any 

i G Z we have a differential ro,i = Y '-Vi ^ Vii where = (dyjj : —)■ So we 

jGZ 

have constructed differentials tq = Y Ti : Id —>■ Id of degrees (0,1) and (1, 0) respectively. 

iez 

These two differentials can be extended to a sequence {Ti)i^Q such that : Id —?• Id is of degree 

i 

{i, I — i) and Y VA-i = 0 for any I ^ 0. Let us now define Fq^U) G /CpA. As an A-module 

i=0 

Fg{U) = V. The l-th component of Fq{U) is defined by the formula 

= 0 Vy. 

i+j=l 

The differential of Fg{U) is the map induced by the map t = Yf ■ V V. Consider 

i^O 

U, U' G and / G K}^B{U, U')- Suppose that / is represented by Yi^z fi (/* • ^1) 

CB{U, U')- Let us introduce Id ;= Sg{U), V := Sg{U')- The modules Id and V' are bigraded 
as before. Let {Ti)i^o and (r/)i 3 ;o be the corresponding sequences from the construction of 
FgiU) and Fg{U') respectively. For any i G Z we choose some representative ao,i G CAiVi, V/) 
of Sg{fi). Then we obtain a morphism oq = Yi&z^o,i '■ V ^ V' oi degree (0,0). It 
can be extended to a sequence {a^i^o such that a* : Id ^ Id' is of degree {i, —i) and 

i i 

Y cniF-i = Y for ^ ^ 0- We define Fg{f) G )CpA{Fg{U), Fg{U')) as the class of 

i=0 i=0 

the morphism a = ^ a* : Id —)■ Id', ft can be shown (see [IB], [E] for details) that Fg is a 

iSsO 

functor and that Fg = Tx if {Hx, Ox) — {H, 9). 

2.3 Smash product and the derived Picard group 

Let G be a group and let A be a k-algebra. Let us fix some map A : G —?• Ant A. We write 
% instead of A( 5 f)(a) for G G, a G A. 

Definition 3. The smash product of A and kG is the algebra A^G whose elements are the 
pairs aj^g {a & A, g & G) with multiplication defined by the formula 

{a4Ag){hjAh) = a%i)^gh (a, b & A, g, h G G). 

Let U G JCpA, g & G. We define an A-complex Uj^g in the following way. The set 
iUH^g)n is formed by the elements xij^g (x G Un)- The differential djj^g is defined by 
the formula djj^g{xij^g) = du{x)ij^g (x G U). The A-module structure is defined by the 
formula {xi^g)a = x%i^g {x E U, a E A). For a morphism / G CA{U,V) we dehne a 
morphism f^g G CA{Uj)^g, V^g) by the formula (/#fi')(x# 5 f) = f{x)ij^g (x G U). We dehne 
the A^^^G-module structure on U^^G = (Bg^cUij^g by the formula {xi)=g){a^h) = x^ajj^gh 
{a E U, a E A, g,h E G). For a morphism / G CA{U,V) we dehne a morphism fjj^G G 
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C{A^G){U4^G,Vi^G) by the formula {fi^G){x^g) = f{x)i^g {x E U, g E G). Note that 
fii^G is homotopic to / 2 #G and fijj^g is homotopic to / 2 # 5 ' for any G G if /i is homotopic 
to / 2 . So we dehne /#G G /Cp(A#G)(t/#G, 1/#G) and /# 5 f G K.pA{Ui^g,Vi^g) {g G G) for 
/ G ICpA{U, V). It is easy to see that we have dehned a functor —#G : —)■ 1C'^{Aij^G). 

Also for / G fCpA{U, Ui^g) {g G G) we simply write instead of ... {fi^g)f- Let 

us dehne for g E G, U E JCpA a. morphism Sg : {Ui^g)i^G —)■ Uj^G by the formula 

Sgixi^gi^h) = xi^gh {x EU,hE G). 

Note that Sg o {{fjj.g)^G) = {fi^G) o Sg ior g E G and / G /CjA(t/, V). 

We recall some results from [T3] on the connection between TrPic(A) and TrPic(A 7 ^G). 
We will only need the case G = Gt for some t E N, where by (f G N U {cxd}) we denote 
the cyclic group of order t. We hx some generating element of Gt for each t and denote it 
by r. 

A tilting Gt-functor from A to itself is a triple (iP, 9, 'ip), where (if, 9) is a tilting functor 
and Ip E KipA{H, Hjpr) is an isomorphism which satishes the following conditions: 


• ^p9{p a) = {9{a)ipr)'ip for any a E A; 

• ip^ = Mh in /CpA. 

Note that for any fc ^ 0 by the last condition and so we can dehne ^p^ for any 

k E Tj. Let now (ii, ip) be a tilting Grfunctor from A to A. We dehne an isomorphism 
94PiP : AiPGt -E KAp{AiPGt){HiPGt,HiPGt) by the formula 

{9iPiP){aiPr^) = s,. o {iP^iPGt) o (0(’-a)#a) {a E A,k E IP). 

Thus, there is a tilting functor {HppGt, 9jpip) from AppGt to itself. 

The following lemma follows from |l4j . 

Lemma 1. There is a group TrPicct(A) and two homomorphisms : TrPicc't(A) —)■ 
TrPic(A) and T/i : TrPicct(A) —)■ TrPic(A^Gt) which satisfy the following conditions 

• for any tilting Gt-functor (H,9,ip) there is an element W G TrPiccAA) such that 

$a(IT) = Fg and = Fg#^; 

• for any W E TrPicct(A) the condition ^a(W) E Pic(A) is eguivalent to the condition 
TA(W)GPic(A#Gi). 


2.4 Some groups 

In this section we dehne some groups which we will use to formulate our main result. 

The hrst group we need is the group of automorphisms of the algebra 'k.[x\/x^^^ {N ^ 1). 
We denote this group by iSAr(k). In more detail, iSAr(k) is a group whose elements are the 
sequences {ai)i<^i<^N (oi G k, oi 7 ^ 0) and the group operation is dehned by the formula 


(®i) (9i) 

i=l fciH- \-kj=i 


Jki 


l^i^n 


( 2 . 1 ) 
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In particular, iSi(k) = k* is the multiplicative group of the held k. 

We recall now the dehnition of braid groups associated to An and An-i. These groups 
are particular cases of a braid group associated to a Coxeter group or a graph but we are 
going to need only these cases. 

Definition 4. The braid group associated to An is the group B{An) dehned by generators 
Si,..., and relations: 

SiSj+iSj = Sj+iSiSj+i for 1 ^ i ^ n — 1 and SiSj = SjSi for 1 ^ i, j ^ n, \i — j\ > 1. 

Definition 5. The braid group associated to An-i for n > 2 is the group B{An-i) dehned 
by generators {si}i(zz„ and relations: 

SiSi+iSi = Si+iSiSi+i for i e and SiSj = SjSi for i,j e Zn, i - j 1 , - 1 . 

The braid group associated to An-i for n = 2 is the group B(Ai) = F 2 , i.e. the free group 
with two generators. 

Now we dehne the group Am,n (m ^ 2, n ^ 1) as the group generated by the elements 
Si,..., Sm, Ti, r 2 satisfying the relations: 

SiSi+iSi = Sj+iSjSj+i for 1 ^ i ^ m — 1 and SiSj = SjSi for 1 ^ i, j ^ m, \i — j\ > 1 , 

SiTk = TkSi for 1 ^ ^ m, A; e {1, 2}, rir 2 = r 2 ri, = 1 and 

Let G, H be groups and let 99 : iL —)■ Aut(G) be a homomorphism from H to the group 
of automorphisms of G. We denote by G iL the semidirect product of G and H such that 

i9i,hi){g2,h2) = {gi^p{hi){g2),hih2) 

for gi,g 2 € G, hi, ^2 G H. Let us dehne the homomorphism (prn,n '■ Cnm —t B{Am-i) by the 
formula 

)('5i) ^i+l G Zm, I G Z). 

Thus, the group B(Am-i) Cnm is dehned. 


3 Main result 


Let us consider the algebra N'nm,tm dehned in the following way. Let m, n, t > 0 be some 
integers. We suppose that n and t are coprime. Let Qnm be a cyclic quiver with nm vertices, 
i.e. the quiver whose vertex set is Znm and whose arrows are /S* : i ^ i + 1 (i G Znm)- Let 
Znm,tm be an ideal in the path algebra of Qnm generated by all paths of length tm + 1. We 

denote Afnm,tm ■ ^Qnm/Znm,tm- 


Qr. 



nm — 1 


2 



In this work we prove the following theorem. 
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Theorem 1. 1) Ifm = l, then 

TrPic(A/'nm,tm) = TrPic(A4,t) = C'n X >S|^ t+n-i j (k) X Coo- 

2) If m > 1 and t = 1, then 

TrPic(A/'nm,tm) = TrPic(A4m,m) = Am,n X k*. 

3) If m > 1 and t > 1, then 

TrPic(A/nm,tm) = l) ^(pm,n ^nmf X iSj^ t+n-l J (k) X Cqo- 

The proof of the hrst part of the theorem can be found in Section 13.21 the proof of the 
second part of the theorem can be found in Section 13.51 the proof of the third part of the 
theorem can be found in Section 13.81 

From here on we £x some integers m,n,t > 0. We omit them in some notation which in 
fact depends on them. For example, we simply write M instead of J\fnm,tm- 

3.1 The description of the Picard group 

Denote by Pic(A) the Picard group of an algebra A, i.e. the group of isomorphism classes of 
invertible 0/1-modules or equivalently the group of Morita autoequivalences of A modulo 
natural isomorphisms. If {H, 6) is a tilting functor from B to )CpA, the equivalence Fg is a 
Morita equivalence iff H is isomorphic to some object H' G KffA concentrated in degree zero 
{H' is concentrated in degree zero if FT' = 0 for i ^ 0). The group Out(y4) = Aut(/1)/Inn(/1) 
of outer automorphisms of A coincides with Pic(/1) [12] and is clearly a subgroup of TrPic(/l). 
Every automorphism a of A determines a tilting functor (A, d), where d{a){a') = a{a)a' for 
a, a' E A. A tilting functor {A, d) is isomorphic to {A, d') if and only if a coincides with a' 
modulo the subgroup of inner automorphisms. For a G Ant (A) we write simply a instead of 
F^. Also we denote by Pico(A) the subgroup of TrPic(A) generated by standard equivalences 
Fg such that Fg{P) = P in JCpA for any P G Va- Note that Pico(A) = Pico(A/’) if A is derived 
equivalent to Af, since W is a uniserial algebra (see [221 Section 4]). Note that if X, X' are 
two two-sided tilting complex of 0 A-modules such that X = X' in P(A), then there 
exists a G Pic(P) such that X = aX' in T)(B°'p 0 A) [3l Proposition 2.3]. If the action of 
the equivalences induced by X, X' agree on projective modules, then a G Pico(P). 

For i G l^nm we denote by the primitive idempotent of Af corresponding to the vertex 
i and by P, the projective module CiAf. For w G CjAfci we denote by w the unique ho¬ 
momorphism from Pi to Pj which sends Ci to w. Also we introduce the following auxiliary 
notation: 

(di-^-k—1 ■ ■ ■ jdi- 

In particular, = e,. We write simply {3 instead of (3i and instead of /3i^k if i is clear. 

Definition 6. The rotation of Af is an automorphism p G Aut(A/') defined by the formulas 
p{ei) = Ci+i and p{(3i) = (3i+i. 
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Let us consider a sequence c = (cj)i^j^Ar, where Ci,...,CAr G k and Ci 7 ^ 0. Let us 

'' '' Af 

introduce the notation N := , Uc ■= We denote by fic G Aut(A/') the 

i=l 

automorphism of J\f defined by the formulas 

/^c(Ci) Ci ^ /^c(/3i) G \ {O}") Sud /ic(/3o) ^c/^O- 

Let us define the map ^ : Cnm x iSAr(k) ^ Out(7\/') by the formula c) = [pVc]; where 
[/] denotes the class of an automorphism / in Out (A/*). 

Proposition 1. ^ is an isomorphism of groups. 

Proof Let us prove that ^ is a homomorphism. It is not hard to check that fich^c' = /^cc', 
where the product cc' is defined by the formula fl 2 .ip . Since p"™ = Id_A/, it remains to prove 
that [ppc] = [h^cP] for any c G iSAr(k). Let us consider the automorphism a : Af ^ Af defined 
by the formula a{x) = (1 — ei + Uc)~^x{l — ei + uf) for x G Af. It is easy to check that 
ppc = cpcP- Since the automorphism a is inner, we have proved that is a homomorphism. 

Let us now prove that f is injective. We have to prove that if [pVj = [IdA/], then nm \ I 
and c = l<s^{k)- Assume that there is p G Af* such that p^/ic(a^) = y~^xy for any x G Af. The 
element p G A/" is of the form 

y = {diflCi + di^ifdi^i + di^ 2 /di ,2 + • • • + di^tm(di,tm), 

where di^o G k*, di^k G k (i G Z^m, I <k < tm). Since yp^fideo) = yei = di^ei + + • • • 

and e^y = dopCo + d„m-i,i/dnm-i,i + ..., we have nm \ I and so = Id_A/. 

We deduce from the equalities yfdi = (diy {i G Znm \ {0}) that di+i^knm = di^knm for 
i G Znm\{0}, 0 ^ k ^ N-1. Consequently, di^knm = d 2 ,knm = ■■ ■ = do^knm for 0 ^ /c ^ A^-1. 
We deduce from the last equality and the equality yUc(3o = (d^y that 

k 

^ ^ do^inmCk—i+1 do knm (0 ^ /c ^ N 1). (3.1) 

i=0 

Since dop 7 ^ 0, it follows from fl3.ip for fc = 0 that Ci = 1. Suppose that we have proved that 
Cl = 1 and Cj = 0 for 2 ^ -i ^ s {s < N). Then it follows from fl3.ip for /c = s that c^+i = 0. 
So we have Ci = 1 and Cj = 0 for 2 ^ i ^ A^, i.e. c = l 5 jv(k)- It remains to prove that f is 
surjective. 

If A is a finite-dimensional split algebra over a field, it admits a Wedderbern-Malcev 
decomposition, i.e. A = B (B J, where J is the Jacobson radical of A, let us fix such a 
decomposition. Following [2T] and [22] we can identify Out(A) with a group id^/idAnlnn(A), 
where Ha = {/ G Aut(A) | f{B) C B}. For A = Af fix B = (co,.. .e„m-i)k- Thus any 
outer automorphism has a representative / such that f{B) C B. 

Let us prove that the class in Out (A/") of any automorphism / G H^f lies in the image of 
f. It is easy to see that / is given by the following formulas: 

/(^i) f {(df) biA/di+l,l T bi^2l3i+l,nm+l T ' ‘ ' J" v/^i+/,(V—l)nm+l) 

where 0 ^ Z < nm, G k*, bi^k G k for i G Z^m, 2 ^ k ^ N. Applying p~^ = f{r~'‘) we can 
assume that Z = 0. Let us construct by induction an automorphism pk G Im,^ (0 ^ Zc ^ nm) 
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such that gkf{ei) = Ci {i E ^nm) and gkfif^i) = /3i {0 ^ i < k). It is clear that we can 
take go = Id^. Suppose that we have constructed the required automorphism gk for some 
0 ^ k < nm. We have 

gkf(^l3k') "h ®fc,2/3fc,nm+l “1“ ' ' ' “1“ (i‘k,N—l)nm+l P (’^aj.)/3fc 

for some Uk = (afc,i)is:is:Af ^ ‘5v(k). In this case we set gk+i = PalP~^)9k- It is easy to 
check that gk+i satishes the required conditions. Then gnmf = Wat, i-e. / = (y'Tm ^ I'ai'C- 


□ 


Corollary 1. Pico(A/') = SnO^)- 


3.2 Generating set for TrPic(A/^) 

Let J\f be as above. If t/ is a module, then we also denote by U the corresponding complex 
concentrated in degree 0. When we write ■ ■ • ^ P —)■ ... we mean the complex whose zero 
component is U. If V, V are complexes, then by we denote the morphism of com¬ 

plexes whose zero component is / : Vq —t V^. We simply write / instead of (..., 0, /, 0,...). 
For i G 'Lnra^ — Iwe introduce the complexes 


Pi-tm ^ Pi-tm+1 ——t Pj+i and Yi^k Pi ^ Pi+k- 


li m > 1, then for I G we introduce the AA-complex 

Hi = 


© P‘ 

ieZnm 


0 


In this case we define an equivalence Sg^ : Py addhT; in the following way: 


SoXP^) 


If 


a m \ i — I and m \ i — 1 — I, 
a m \ i — I, 
a m \ i — 1 — I, 


If m > 1 and t 


SeM 


{ f5i, if m f i — / 1 and m\i — 1, 

A+i/3i, if m I i - / -h 1, 

Idp,_^^, if m I i - 


= 1, then for I G we introduce the AA-complex 


m—1 

Qi = j • 

i£'Znm,'kn\i—l k=l 


In this case we define an equivalence S'e, : Py —t addQ; in the following way: 


Se^iPi) 


Pi-m, 

Yi+k-m,m-k, a m \ i + k — I for some k, 1 ^ k ^ m — 1, 
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{ Pi—m,in’) 

O'^Pj+k-m l /d*) 5 

For simplicity of notation we write Hi instead of Fq^ and Qi instead of F^^. 

The following theorem was proved in [XT] , 

Theorem 2. 1) If m = 1, then TrPic(A/') is generated by the shift and Pic(A/'); 

2) Ifm>l,t>l, then TrPic(A/') is generated by the shift, Pic(A/') and Hi (I G Zm); 

3) Ifm>l,t = l, then TrPic(A/') is generated by the shift, Pic(A/'), Hi and Qi (I G Z,m)- 

Proof of part 1 of Theorem [1] Let m = 1. By part 1 of Theorem |2] we have TrPic(AA) = 
(Pic(AA), G), where G = Goo is the cyclic gronp generated by the shift. By Proposition [T] we 
have Pic(7\/') = Gn x (k). It is clear that Pic(A/') fl G = {Id;i;b_/v/}. Since the shift 

commntes with any element of Pic (TV), we have 

TrPic(AA) = Pic(AA) xG^GnX (k) x Goo- 


ii m \ i — I, 
ii m \ i — I + 1, 

if m\i — l + k for some k, 2 ^ k ^ m — 1. 


□ 

From here on we assnme that m ^ 2. We need the following resnlt (which is similar to 
|ni Proposition 3]). 

Lemma 2. There is a homomorphism r] : t TrPic(A/') which sends Si to Hi for 

all i G . 

Proof If m = 2, then = F 2 and there is nothing to check. Assnme that m > 2. 

We need to check that Hi satisfy the relations of the braid gronp associated to A^-i. The 
relations HiHj = HjHi for \i — i\ > 1 are straightforward. Let ns check that HiHi+iHi = 
Hi+iHiHi+i. For simplicity let us assume that m > 3, the case m = 3 is similar. The 
diagram below shows how Hi, Hi+fHi and HiHi+iHi act on the projective modules and 
morphisms between them. In this computation we can take r* = 0, i > 1. The morphism 
Hi+iHi{l3km+i+i) can be computed using the construction from Section ^I7I\ with ai = —Id, 
0^2 = —fdkm+h in all other cases = 0, i > 0. The action of HiHi+iHi on the indecomposable 
projective modules and morphisms between them not appearing in this diagram is trivial. 






km-f-l — f 


-^fem+Z + 1 
Id 


—1 

33 

-^fcm+i + 2 
Id 


-^fcm+Z + l '' P{k — t)mA-l 


-^/cm+Z + 2 


—t)m+Z + l ^ -^fcm+Z + 1 '■ '■ ^ ^{k — t)m-\-l ^ —£)m+i + 2 ^ -^fcm+i + 2 


-/3 




-^/cm+Z + 2 —£)m+i + l ^ —£)m+i + 2 ^ -Pfcm+i + 2 


-^/cm+Z+3 


-^femd-Z+3 


-^fcm+i+3 
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Pkm-\-l — l 


Let us compute T-LiHi+i. 

^km+l 


Pk 




m+l + l 


Pk 


:m+Z + 2 


P{k — t)m-\-l-\-l ^ P{k — t')m-\-l + 2 ^ Pkm-\-l '\-2 


P 

^(k — 2t)m+L ^ — ^ —t)m+i + l ^ ^(k — t)m+l + 2 ^ -^fcm+Z + 2 


Pk 


:m+Z+3 


Pkm+l — l 


fcm+i + 1 


'^l + l 

Pkm+l + 2 '' 


/3 /3*^ /3 -13^^ 

Pkm + l+2 P(k — 2t)7n+l ^ -^(fc —2t)m+i + l ^ -^(fc —t)m+i + l ^ -^(fc —t)m+i + 2 ^ Pkm+l-\-2 


•^fcm+Z+3 


fcm+i+3 


'Hi+iHiHi+i{Pkm+i+ 2 ) is the totalization of the foll owin g bicomplex, where T 2 and rs are 
constructed according to the algorithm from Section 12.21 and are shown as dotted lines. 


ptm 

P{k — 2t)m-\-l ^ P{k — 2t)7n+l-\-2 ^ P(k — t)7n+l + 2 ^ P{k — t)m+l-\-2 ^ Pk7n-\-l + 2 


{k — 2 t)m~\-l -\-2 


{k — 2 t')m-\-l-\-\ 


(A:—t)m+Z+2 


(fc —t)m+Z + l 


( 5 ), 


P'l+lP'lP'l+l{Pkm+l+2) — P{k—2t)m+l ^ P{k—2t)m+l+2 ® ^(k — 2t)m+l+l 


_ptm Q 

Id p 

Q 


P{k-t)m+l+2 ® P{k-2t)m+l+2 ® P(k-t)7n+l+l 


Id /3‘”* 0 
-Id 0 p 


^ P(k—t)m+l+2 ® P{k—t)7n+l+2 




/cm+Z+2 


The isomorphism from 'Hi+i'Hi'Hi+i{Pkm+i+ 2 ) to P{Hi+{Hi{Pkm+i+ 2 ) is given by 
/ = (Id, ( 0 -Id ) , ( 0 -Id ), ( -Id -Id ), Id) 


11 




































with the inverse 



Indeed, it is easy to see that 'Hi'Hi+i'Hi{Pkm+i+ 2 ) is a direct summand of 

, since 'H;+i'H;'H;+i(Pfcm+z+ 2 ) is an image of an indecomposable object 
under an equivalence, the other direct summand is isomorphic to zero. And we get: 


^km+l — 1 



^km+l + 2 


I -Id 


(k — 2t)m+l 




(k — t)m-\-l + 2 
-Id 


- /cm+/ + 2 


(k — 2t)m+l + l ^ ■^(k — t)m+l + l ^ ■^(k — t)m+l + 2 ^ -^/cm+Z + 2 


-^/cm+Z+3 

Here we replace V,i+iV,{Hi+i{(3km+i+i) and V,i+{H{Hi+i{(3km+i+2) by fV,i+{H{Hi+i{(3km+i+i) 
and 'Hi+i'Hi'Hi+i{f3km+i+2)f~^ respectively. 

□ 


3.3 The algebra IZ 

In this and the next sections we assume that t = 1. Let us consider an algebra TZ dehned 
as a path algebra of a quiver with relations. Let Qm,n be a quiver whose set of vertices is 
{!,..., m} X Z„. The set of arrows of Qm,n is: 

li,j ■ (hi) ^ + 1, j) and yP : {i + 1, j) ^ (i, j + 1) (1 ^ i ^ m - 1, j e Z„). 

Let us dehne the ideal of relations Tm,n- If m > 2, then it is generated by the elements 
7*+ij7i,i, and 7i,i+i7li - 7i+ij7*+ij for 1 ^ ^ m - 2, j e Z„. If m = 2, then 

the ideal Xm,n is generated by the elements 7i,j+i7ij7ij and 7ij+i7ij+i7ij for j G Z„. We 
dehne the algebra IZ by the formula TZ = ^^Qm,n|Xm,n■ We omit the indices of 7 and 7' if 
they can be easily recovered from the context. It is known that the algebra TZ is derived 
equivalent to the algebra A/”. 


Qm,r. 



71,0 

72,0 



(1,0) ■ 


- (2,0) ’ 

' (3,0). 

(m- 

V 


^ V O'2,0 

'' 


\ 


\ 




^ 71,1 

y 72,1 



(1,1) ■ 

\ ^ 
\ 

- (2,1) ’ 

(3,1). 

(m- 


V-v' VW 

(1,11-2) -7 (2,11-2) - 7 (3,11-2) ■ 

—2\ '^2,n — 2\ 

X^n-I \ \ 

( 1 , 11 - 1 ) -^ (2,n-l) -^ ( 3 , 11 - 1 ) ■ 


7m-l,0 

1,0)-^ (m,0) 

— 1 ,0/^ 

— 1,1 

1,1)^-^-^(m,l) 

^ ' m— 1 ,n— 1 
..■■7m—1,71^ — 2 

(m-l,n-2) (m,n-2) 



a—l,n—1 \ 

(m-l,n-l) ^ (m,n-l) 
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We denote by eij the primitive idempotent corresponding to the vertex By Pij 

we denote the projective 7^-modnle eijTZ and by P[ii,ji][i 2 ,j 2 ] projective 71°'^ 0 7^-modnle 
® ^Iso we denote by r the antomorphism of the algebra TZ defined by the 

formulas 

r{eij) = Cij+i, r( 7 fcj) = 'ykj+u ^i'y'kj) = 7k,j+i {I < i ^ m,l ^ k ^ m - IJ e Z„). 

Note that is a Nakayama automorphism of TZ and so it commutes with any standard 
equivalence by [HI Proposition 5.2], 

Let us consider the following 7 ^°p 0 7?.-complexes 

ri = ( 0 ^ S 

\j 

where fii{a 0 6) = a6 for a 0 6 G P[i,j][i,j]- We denote by % the functor — 0-/^ Ti. 

The algebra 7Z with an additional grading was studied in [15] (there 7Z is denoted by 
A^o). The arguments from [15] can be applied to our case to obtain the following result: 

Proposition 2. 1) % is an equivalence. In particular, Ti is a two-sided tilting complex for 

IZ. 

2) There is an injective homomorphism of groups A : B{Am) —)■ TrPic(7^) such that X{si) = % 
(1 ^i ^m). 

In particular, there is an Am conhguration of 0-spherical sequences of length n in the 
category KfflZ. For more details on spherical twists see m- 

3.4 Construction of an isomorphism from TrPic(7?.) to TrPic(A/^) 

In this section we construct explicitly the isomorphism TrPic(7^) = TrPic(7\/^). 

Let us consider the following 7^-complexes: 

^ ^ ^ Pi,j^ . 



It can be easily verified that U := ^ tilting complex for IZ. For i E T^nm 

we denote by p{i) and q{i) the unique integers such that 0 ^ p{i) ^ m — 1, 0 ^ q{i) ^ n — 1 
and p{i) + mq{i) = i in I^nm- Let us define an equivalence : Va —>■ addP by the formulas 


Su,{Pi) 


Um- 


p(i),q(i)-i 


5. (A) 




The tilting functor {U, cj) defines an isomorphism of groups 


if p(i) ^ m — 2, 
if p(i) = m — 1. 


: TrPic(7^) ^ TrPic(AA) 

by the formula L^{F) = F^FF^, where is the quasi-inverse equivalence for F^. By [20] 
L^(Pico(7^)) = Pico(7^) and L^([l]) = [1]. It is also easy to see that L^{t) = p™. 


13 




Lemma 3. For any projective M-module P we have 


Lump) = 


Qm-i{P)[l], if 1 = 1. 


Proof Let us consider the case z > 1. We have to prove that Fu'him-ii.Pj) — %Fuj{Pj) for 
any j G hnm- Let p{j) and q{j) be as above. Note that 2 ^ p{j) + z ^ 2m — 1. Then we 
have to prove that 

Fu}'Hm-i{Pp{j)+m,q(j)) = Pi{Pm-p{j),q{j)) ■ 

If p{j)+i ^ {m,m + 1}, then by dehnition F^'Hm-i{Ppij)+mqij)) = Um-p{j),q{j). If m-p(j) < 
z - 1, then it is clear that Ti{Um-p{j),q{j)) = Um-p{j),q(j). If m-p{j) > z, then Ti{Um-p{j),q{j)) 
is isomorphic to the cone of a map from 


C := I ) |2 - ,1 


Id, 


P 




i,qU) 


^ Pi,q{j) ) *] 


to Um-p{j),q{j). Since C = 0, Ti{Um-p{j),q(j)) — Um-p{j),q{j) fo It remains to consider the 

cases p{j) = m — i and p(j) = m — z + 1. 

Assume that p{j) = m - i. In this case F^FLrn-i{Pp{j)+mq{j)) = T;^(Pp(j)+i+mgO)) = 
Pi—l,qij)- At the same time Ti{Um-p{j),q{j)) is isomorphic to the cone of the map 

( 7^i,gO-)-i ,7lgO-)-i7M(j)-i)[2 -i]® Idp.^(,)[l - i] 

from 


C ;= P 


Idp 






^ P'i,<i{j)-^ ) [2 *] ® Pi,q(j)[^ *] 


to It is easy to see that this cone is isomorphic to 

Let us now consider the case p{j) = m — z + 1. In this case 

Pu)'hLnn—i{,Pp(j)+mq(j)) Puj{,^p{j)+mq{j) — l). 

Note that F^{(3p(^j)+rn{q[j)-i),'m) is homotopic to ( 7 '_^^^(^.)_^ 7 i_i,,Q)_i )[2 - z]. Applying F^ to 
Xi+mq{j) we obtain the totalization of the following bicomplex 


P, 


7 


P 


-i)nd 


(-1)’ S'7 


7 


P.qU)- 


(-i)*- 7 d 


Id 


7 




P-i,qU) 


Pi-2,q{j) 


Pl.qU) 


It is clear 


The dotted arrow was constructed according to the algorithm from Section 
that the totalization is isomorphic to the cone of 

77 To ,-l tT 

and it is easy to see that Ti{Um-p{j),q{j)) is isomorphic to the same cone. The case z = 1 is 
analogous and so it is left to the reader. 
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□ 


To prove part 2 of Theorem [T] we also need the following lemma. 

Lemma 4. ■ ■ ■ 'Ho{Pi) = Pi-m-i for all i e 

Proof li m \ i, then 

• • ■Poi.Pi) = Qm-lP-m-2 ■ ■ - P-liPi+l) = ' ' ' = = Pi-m-l- 

Now let m I i — A; where 1 ^ ^ m — 1. We have 

Ql_{Hm-2 . . . Po(P*) = Qla-{Hm-2 • • • Pfc-l(P*) = Q^-lPm-2 • • • 


P^+l) 


— Qm-lPm-2 ■ ■ ■ Pk+l{Pi-m-l t Pj_m+1 _ 

om-k om 

= ■ ■ ■ = Q^_i{Pi_rn-l -1 Pj-fc-l - > Pi-k-l+m)- 


j^m — k j^m 

Qra-i{Pi-m,-i -^ Pi-k -1 Pi-k-i+ra) IS the totalization of the bicomplex 

p 

^ i—m—l 

j^k 


Pi—k—l—r 


Id, 


' Pi—k—l—r. 


'S^r, 


'■ Pi-k-1 


So 


Qln-lPm-2 ■ ■ ■ Po{Pi) — Qm-1 ( Pi-m-l -1 Pi-k-1 ) = Pj-m- 


□ 


3.5 The case t = 1 

In this section we prove part 2 of Theorem [TJ So we assume that t = 1. Since TZ is derived 
equivalent to W, it follows from Corollary [T] that there is some isomorphism • k* —)■ 
Pico(P). First, we prove the following proposition. 

Proposition 3. There is a monomorphism of groups 

C : ^m,n X k* -)■ TrPic(P) 


such that: 

C(l, a) = Co(a) (a e k*), C(si, 1) = 71 (1 ^ ^ m), C(n, 1) = [1] and C(r 2 ,1) = r. 

Proof To prove the existence of ( we have to check that 

1) every element of Pico(P) commutes with 71 (1 ^ i ^ m), [1] and r; 

2) [1] and r commute with % (1 ^ z ^ m) and with each other; 

3) TiTj = TjTi ii 1 ^ i, j ^ m and |z — j| > 1; 

4) UTi+iTi = Ti+iTiTi+i for 1 ^ z ^ m - 1; 
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5) (r™...rir+^ = r-+i[2m]; 

6) r” = 

Any element of Pico(7^) is of the form — for some a G Aut(7?.) such that cr{eij) = 

Cij for all 1 ^ ^ m, j G (here T^o- is an 7^-bimodule which coincides with 7?. as a 

left module and has the right multiplication * dehned by the formula a * b = aa{b) for 
a G Tl„, b & TV). The map ip : TZ ( 87 ^ TZ^ —)■ TZ^ TZ dehned by the formula 0 &) = 
a 0 CF~^{b) is an isomorphism of bimodules. Also for all 1 ^ i ^ m and j G we have an 
isomorphism of bimodules ipi,j • P[i,j],li,j] ®'R- P-a 07 ^ P[i,j],liJ] dehned by the formula 

'4>i,j{0‘ ®b®c) = a 0 Cij 0 a~^{bc). Then the map • Ti 07 e P<7 TZ„ 07 J Tj is 

an isomorphism of complexes of 7^-bimodules. It is clear that the shift commutes with any 
standard equivalence. As was mentioned above r commutes with any standard equivalence 
too. So 1) and 2 ) hold. 3) and 4) follow from Proposition [2] and 6 ) is clear. 

By dSl Lemma 4.30] (applied to our case) we have 

{Tm... = P,j+m+i[2m]. (3.2) 

So the element {Tm ■ ■ ■ Ti)”^"*"^)—lies in Pico(7^). There is a canonical map from 
TrPic(7?.) to the group of isomorphism classes of 7^-bimodules inducing stable autoequiva¬ 
lences of P (see 121 Section 3.4] for details). This map is injective on Pico(7^). At the same 
time it sends T to P and [—2m] to VL^p^.j^{P). So it is enough to prove that 
is isomorphic to 7 ^^m+i. From [23l Section 4] it follows that f7^p^^(A/') = A/), 771 .( 771 + 1 ) . There 
are AA-7^-bimodule M and T^-AA-bimodule M which correspond to and respectively 
(see [21 Corollary 2.15]). Then we have 

^ M ®mM = P^m+i 

in the stable category of 7^-bimodules. Here we use the fact that p~^ is a Nakayama 
automorphism and so ^ by [HI Proposition 5.2]. 

Let us now consider an element a) G Am,n x k*, where s G B{An). Suppose 

that ,a) = Id^^bT^. Then C(s) commutes with % = C,{^i) for ^^riy 1 ^ i ^ m. Since 

C|b(u„) is injective by Proposition O s belongs to the center of B{An). Then by results of 
we have s = (sn ... for some k E Z. So {Tm ■ ■ ■ = Co(a)'r^^[h]- Then it 

follows from fl3.2p that li = 2mk and n \ I 2 — k{m + 1). Thus, = 1, Co(®) = 1- Since 

Co : k* ^ Pico(7?.) is an isomorphism, a = 1 and so a) = (1,1). Consequently, ( is 

a monomorphism. 

□ 

Proof of part 2 of Theorem [T] By Proposition |2] it is enough to prove that Li^{T) (1 ^ 
i V: m), L^{Pico{P)), L^{t) and [1] generate TrPic(A/'). Denote by X the subgroup of 
TrPic(A/') generated by these elements. Pico(A/') belongs to X. By Lemma [3] "Hj (0 ^ ^ 

m — 2), Qm-i belong to X. By Lemma belongs to X, thus by Proposition [T] and 

since p™ G X, the subgroup Pic(A/') also belongs to X. Since 

Hm-i = pTim- 2 p~^ and Qi = (0 ^ i ^ m - 2 ), 

Pm-i and Qi (0 ^ ^ m — 2) belong to X. Thus by part 3 of Theorem |2] we have 

X = TrPic(AA). 
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□ 


From here on we assume that t ^ 2. Let us denote J\f{ntm,tm) by J\f. Moreover we 
denote by Tii, Qi : JCp^f —t K,pJ^ {} ^ ^tm) the standard equivalences whose construction for 
M coincides with that of l-ii and Qi (/ G Z^,) for AT respectively. Similarly, we dehne Cj, jSi, 
Pi {i G hntm), ACi, Yi {i G him)- 


3.6 Some properties of B{An_i) 

In this section we list some properties of the group B{A]s[_i). Most of them are known but 
we collect them here for convenience. Let us introduce the notation fl ;= SAr...si. The 
following result can be found in [25] : 

Lemma 5. The group B{An-i) is torsion-free and its center is trivial. 

The next fact can be found in [121 Section 5.1]: 

Lemma 6. There is a monomorphism of groups : B{A]sf_i) —)■ B{AA such that 

(pN{si) = Si+i A ^i ^ N — 2) and = SivLlsiLl^^s]^^. 

Corollary 2. There is a monomorphism of groups rj : B{Atm-i) TrPic(A/') such that 
frsi) = Hi for i G "Ltm- 

Proof By Proposition [3] there is a monomorphism of groups fr : B{Atm) TrPic(A/') which 
sends s* to L^(Ttm-i+i)- Let us compute rj'cptmAi). By Lemma[3]we have 

Hi = LfrTtm-i)Wi = ri\si+i)Wi (0 ^ ^ tm - 2), 

Qtm-l = Li^{J\)[—V\Wtrn-l = [~ 1] lTtm-1 

for some Wi G Pico(A/'), for i G I^tm- By Lemma 0] we have 

for some W G Pico(A/'). Since Pico(A/') lies in the center of TrPic(A/'), we have 

By Lemma [2] there is a homomorphism rj with the required properties. If rj^s) = Id^bj^ 

for some s G B{Atm-i)) then it is easy to see that rj'frmifr G Pico(A/'). Since Pico(A/') fl 
Imr;' = {Id^b^} (this follows, for example, from Proposition [3]) and the maps rj' and (ptm are 
monomorphic by Lemma [6l we have s = 1. Consequently, p is a monomorphism. 

□ 

Lemma 7. There is a monomorphism of groups -0 : B{Am-i) —^ B{Atm-i) defined by the 
formula 

^i^i+ra • • • ^ ^m)- 
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Proof It is easy to check that "0 is a homomorphism of groups. We only need to check that 
it is monomorphic. 

We are going to consider as a subgroup of the braid group of a two-dimensional 

surface. Let L be the complex plane without the origin C*, or equivalently a sphere with two 
punctures, denote by = {(a^o, • • •, Xm-i) G L™ | Xi = Xj for some i ^ j}- The symmetric 
group Sm acts on L™', the action is free on L™ \ A^. Consider = (L™ \ Am)/Sm, fix 
a base point {bo ,..., bm-i) G Xm, then the m-strand braid group of L is defined to be the 
fundamental group of Xm, we will denote it by Brm{L). Each element of Brm{L) may be 
represented by a set of paths 70 ,..., 7 m-i : [ 0 , 1 ] —)■ L such that there is a permutation vr of 
{ 0 ,... ,m — 1 } such that 7 i( 0 ) = 6 j, 7 j(l) = and for each t G [ 0 , 1 ] the points 7 j(f) are 
all distinct. Then B{Am-i) is a normal subgroup in Brm{L) with the quotient isomorphic 
to Z. A good choice for a set of basepoints for m-strand braids in C* is the set of m-th roots 
of unity. Then the standard generators St correspond to the standard braid generators s', 
which exchange two adjacent basepoints in the simplest possible way |26j . 

Consider a t-sheeted covering of L with the covering space L homeomorphic to L, p : 
L ^ L. If we identify L with C* this covering can be given by . Consider also the group 
Brtm{L). The base point {bo, ■ ■ ■, hm-i) £ ^tm is chosen in such a way that p{bi+sm) = h, 
s = 0,..., f — 1. This covering induces a covering L \ {bo ,..., hm-i} —t L \ { 60 , ■ ■ ■, 
which will be also denoted by p. There is a lift of s' from L to L, it will be denoted by s'. 
The element s' exchanges bi+sm and bi+i+sm for s = 0,..., f — 1. The homomorphism is 
consistent with the lift s' of s'. 

The fundamental group 'n'i{L \ {bo, ■ ■ ■ ,btm-i}) is isomorphic to Since p is a 

covering it induces a monomorphism 

p* : 7ri(Z \ {60 : • • • ; ^tm—1 }) — Ftm+l —t Vri(L \ {bo, . . . , bm-l}) — Fm+l- 

The index of Ftm+i in Fm+i is equal to t. 

Let us check that B{Am-i) acts faithfully on 7 ri(L \ { 60 , • • •, — Fm+i- Let us 

consider the mapping class group MCGm{L) of L \ { 60 , • • •, i-e. the group of all path 

components in the space of all homeomorphisms from L to L which keep { 60 , • • •, fixed 

as a set. By [2^ there is a long exact sequence 

•••—)■ TTi{Homeo{L)) —)■ Brm{L) MCGm{L) —)■ tio{H omeo{L)) —)■ 1, 

where Homeo{L) is the space of all homeomorphisms from L to L. The group TTi{Homeo{L)) 
is isomorphic to Z, its image in Brm{L) is generated by the central element of Brm{L), 
corresponding to the rotation of C* by 27r. Thus the intersection of B{Am-i) and the kernel 
of w is trivial and w induces an embedding from B{Am-i) to MGGm{L). One can consider 
the stabilizer of one puncture in MGGm{L), if we identify L with C* it wonld be the stabilizer 
of the origin, this stabilizer is a snbgroup of the mapping class group MGGm+i{G) of all 
homeomorphisms C —?• C which keep { 60 , • • •, 0} fixed as a set. It is easy to see that 

B{Am-i) stabilizes the puncture, thus it can be embedded into MGGm+i{G). It is well known 
that MGGm+i{G) coincides with the m + 1-strand braid group of C or equivalently a sphere 
with one puncture and that this group acts faithfully on 7ri(L\{6o, • • •, — Fm+i- Thus 

B{Am-i) is embedded into a group which acts faithfully on 7 ri(L \ { 60 , • • •, — Fm+i, 

hence it acts faithfully on 7 ri(L \ { 60 , • • •, — TA+i- 
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If we denote by fji the loop around hi and by y the loop around the origin, then the action 
of is defined as follows: 

SiiVi) = Vi+i, Si{yi+i) = y~^^yiyi+i, Si{yj) = yj (j ^i,i + 1), Si{y) = y. 

Similarly, acts faithfully on 7 ri(L \ { 6 o, • • •, — Ftm+i and these two ac¬ 
tions are compatible, in particular, is homotopic to 5 '(p*( 7 )), for g G B{Am-i), 

7 G 7 ri(I/ \ { 6 o, • • •, btm-i}), this can be easily checked on the basis. 

Assume that "0 is not monomorphic, i.e. there exists g ^ 1 E B{Am-i) such that ‘ip{g) = 1. 
Since g 1 and the action of B{Am-i) on F^+i is faithful gi^'j) ^ 7 for some 7 G Fm+i, but 
7* G p*{Ftm+i), hence 7* = ^*(7') for some 1' £ -Ptm+l and 

ghY = ghY = g{p*{i)) = p*iHg)h')) = p*{i) = 7 *- 

Finally, g{pf) ^ 7 and g{p{f = 7 *, which is not possible in a free group |2Sl Chapter I, 
Propositions 2.16, 2.17]. 


□ 

It follows from Corollary [2] and Lemma [7] that there is a monomorphism of groups 7 = rjip : 
B{Am-i) TrPic(7^) which sends Si G B{Am-i) (0 ^ ^ m - 1) to Hil-Li+rn ■ ■ 

3.7 Faithful action of B{Arn_i) 

Let us consider the homomorphism A : Ct —?• Ant (A/*) defined by the formula A(r) = 
(where p is the rotation of M). 

For I G Zm let us introduce the AA-complexes 

H, = { 0 0 y). 

i£Zntm,m.\i—l i&ntm,rn\i—l 


In this case we define an equivalence Sq^ ■ Vj;;]- ^ addiP/ in the following way: 


SoYA) 




(Pi, 

if m A — / and m \ i — 1 — 1 , 

\ Fi+i, 

A m \ i — 1 , 


if m i — 1 — 

A, 

if m f f — / + 1 and m\ i — 1 

A+i A) 

if m\i — l + l, 

Idp , 

if m \ i — 1 . 


It is clear that = 'Hi'Hi+m ■ ■ ■'Fi+(^t-i)m- Note that for any i G l^ntm there is an iso- 
morphisni /* : Pi ^ Pi+nmU^r defined by the equality /i(e0 = Ci+nmi^r. We dehne 
Si,i : SgJ^Pi) -E S 0 ^{Pi+nm)i^r in the following way. If Sg^{Pi) = Pj for some j, then = fj. 
If Sg^{Pi} = Xi, then = {fi-tm-i, fi-tm, fi)- Let Wi^i : Hi -E- Sg^{Pi) and : S§^{Pi) -E Hi 
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(z G l^ntm) be the canonical projection and inclnsion. We define ^|Jl G ]CpAf{Hi, Hi^r) by the 
eqnality 

Then {Hi, 0/, '00 is a tilting C'rfnnctor from Af to itself. 

mct is Morita eqnivalent to Af. This eqnivalence can be constrncted in snch a way 
that the indnced isomorphism L : TrPic(A/') = TTPic{AfifCt) satisfies the condition L{'Hi) = 
if ^ ^m) (see m Lemma 3]). It is also clear that L(Pic(A/')) = Pic{AfffCt). 

Proposition 4. The homomorphism r] : B{Ara-i) —)■ TrPic(A/') defined in Lemma IE is 
injective. 

Proof Recall that there is a homomorphism fj = rjif : B{Am-i) TrPic(A/') snch that 
f]{si) = Ffj.. The homomorphism 0 defined in Lemma [7] is injective. The homomorphism 
rj is also injective by Corollary [2j Hence fj is injective. By Lemma [1] there are snch Wi G 
TrPicCi(A/') {i G Z^) that = F§. and = L{TLi), i.e. ^pj{Wi) = rj(s0 and 

^Triyfi) ~ Fri{si). Snppose that s = G B{Ara-i) is snch that rj{s) = Id^b_;v'- Then 

'tffiWi,... W,J = ““id so 

by Lemma [H By Proposition [1] we have fj(s) = ffa for some integer nnmber I and a G 
Pico(A/'). Then lies in the center of TrPic(A/'). Since a"'*™ G f]{B{Am-i)) = 

B{Am-i)-i we have by Lemma |5l Then s"'*™' = 1 and by the same lemma 

we have s = 1. 


□ 


3.8 The case t > 1 

In this section we prove the remaining part of Theorem [T] 

Proof of part 3 of Theorem [1] Let ns denote by N. Let ns define a homomor¬ 

phism C : [B{Am.-i) Cnm) X iSiv(k) X Coo TrPic(A/’) on the generators: 

C(si, 1,1,1) = 'Hi {ie Z^), C(l,r, 1,1) = p, C(l, 1, l,r) = [1] 

C(l, l,c, 1) = /ic (c G 5Ar(k)). 

Let ns prove that ( is well defined. Propositions [1] and 0] together with the fact that the shift 
commntes with any standard eqnivalence yield that it is enongh to prove that 

1. pHi = Hi+ip {i G Z^); 

2. pfFi = HiPc e Z^, c G *Sjv(k)). 
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The first equality is obvious. Let us prove the second equality. Since /ic’Hj = and 

'HiHc = p~*'Ho/UcP*, it is enough to prove the second equality for i = 0 . 

The equivalence T-Lol^c corresponds to the equivalence S : Vm —)■ addi/o which coincides 
with Sqq on Pi for i G I^nm and on /3i for i G \ {0} and is dehned on (3o by the formula 

S{/3o) = Uc = S0 q{(3o)uc : Pi —)• Xq. On the other hand the equivalence HcP-o corresponds 

to the equivalence S : Vj^ —)■ addiLo which coincides with Sq^ on Pi for i G l^nm and on jSi 
for i G ^nra \ {“!} and is dehned on /9_i by the formula S'(/3_i) = Mc*S'6)o(/d-i) : P-i —^ .Pi- 

Then the collection of morphisms cij : *S'(Pj) —)■ S'(Pj) dehned by the equalities = Id 5 (pp 

{i G ^nra \ {0}) and ao = Uc ■ Pi ^ Pi dehnes an isomorphism of functors a : S' —)• S'. So we 
prove that the dehnition of ( is correct. 

It follows from part 2 of Theorem [2] and Proposition [1] that ( is surjective. So it remains 
to prove that it is injective. Assume that C(s, c, = Id^b_/\^. Then 

1,1,1) = C(l, 1, c“"™, (3.3) 

Let us denote C(l, 1, c"”™, by W. By fl3.3p the element W belongs to G = C {B{Am-i)) ■ 

On the other hand W commutes with any element of G and G = B(Am-i) by Proposition m 
Then ^(s, 1,1,1)"'"* = W = Id^b_/\^ by LemmaEl By the same lemma ({s, 1,1,1) = Id^b^ and 
so s = 1 by Proposition m It is clear that C(l, c, = Idy(;b_/v' \ ki, c = l 5 jv(k) 

and k 2 = 0. Thus, the injectivity of ( is proved. 

□ 


References 

[1] B. Keller, Hochschild cohomology and derived Picard groups. — J. Pure Appl. Algebra 
190, 177-196 (2004). 

[2] B. Huisgen-Zimmermann, M. Saorin, Geometry of chain complexes and outer auto¬ 
morphisms under derived eguivalence. — Trans. Amer. Math. Soc. 353(12), 4757-4777 
( 2001 ). 

[3] R. Rouquier, A. Zimmermann, Pieard groups for derived module categories. — Proc. 
London Math. Soc. 87(1), 197-225 (2003). 

[4] A. Yekutieli, Dualizing complexes, Morita eguivalence and the derived Picard group of 
a ring. — J. London Math. Soc. 60(3), 723-746 (1999). 

[5] J. 1. Miyachi, A. Yekutieli, Derived Picard groups of finite-dimensional hereditary alge¬ 
bras. — Comp. Math. 129(3), 341-368 (2001). 

[6] H. Lenzing, H. Meltzer, The automorphism group of the derived eategory for a weighted 
projective line. — Comm. Algebra 28(4), 1685-1700 (2000). 

[7] N. Broomhead, D. Pauksztello, D. Ploog, Discrete derived eategories P homomorphisms, 
autoeguivalences and t-structures. — arXiv:1312.5203 (2013). 


21 


[8] A. Zimmermann, Self-equivalences of the derived category of Brauer tree algebras with 
exceptional vertex. — An. §tiint. Univ. Ovidius Constanta Ser. Mat. 9(1), 139-148 
( 2001 ). 

[9] M. Schaps, E. Zakay-Illouz, Braid group action on the refolded tilting complex of the 
Brauer star algebra. — Proc. ICRA IX, Beijing 2, 434-449 (2002). 

[10] P. Seidel, R. Thomas, Braid group actions on derived categories of coherent sheaves. — 
Duke Math. J. 108(1), 37-108 (2001). 

[11] M. Khovanov, P. Seidel. Quivers, Floer cohomology, and braid group actions. — J. 
Amer. Math. Soc. 15(1), 203-271 (2002). 

[12] I. Muchtadi-Alamsyah, Braid action on derived category of Nakayama algebras. — 
Comm. Algebra 36(7), 2544-2569 (2008). 

[13] A. Zvonareva, On the derived Picard group of the Brauer star algebra. — 
arXiv: 1401.6952 (2014). 

[14] Y. Volkov, A. Zvonareva, On standard derived equivalences of orbit categories. — 
arXiv:1501.00709 (2015). 

[15] A. Ehmov, Braid group actions on triangulated categories. — The Mobius contest paper 
(2007). 

[16] J. Rickard, Derived equivanences as derived functors. — J. London Math. Soc. 43(1), 
37-48 (1991). 

[17] B. Keller, Deriving DO categories. — Ann. Sci. Ecole Norm. Sup. (4) 27(1), 63-102 
(1994). 

[18] J. Rickard, Morita theory for derived categories. — J. London Math. Soc. 39(3), 436-456 
(1989). 

[19] M. Bolla Isomorphisms between endomorphism rings of progenerators. — J. Algebra 
87(1), 261-281 (1984). 

[20] M. Linckelmann, Stable equivalences of Morita type for self-injective algebras and p- 
groups. — Math. Z. 223(1), 87-100 (1996). 

[21] R. D. Pollack, Algebras and their automorphism groups. — Comm. Algebra 17(8), 1843- 
1866 (1989). 

[22] F. Guil-Asensio, M. Saorin. The group of outer automorphisms and the Picard group of 
an algebra. — Algebr. Represent. Theory 2(4), 313-330 (1999). 

[23] K. Erdmann, T. Holm, Twisted bimodules and Hochschild cohomology for self-injective 
algebras of class A„. — Forum Math. 11 (2), 177-201 (1999). 

[24] E. Brieskorn, K. Saito, Artin-gruppen und Coxeter-gruppen. — Invent. Math. 17(4), 
245-271 (1972). 


22 


[25] R. Charney, D. Peifer, The K{7r, l)-conjecture for the affine braid group. — Comment. 
Math. Helv. 78(3), 584-600 (2003). 

[26] D. Allcock, Braid pictures for Artin groups. — Trans. Amer. Math. Soc. 354(9), 3455- 
3474 (2002). 

[27] J. S. Birman, Mapping class groups and their relationship to braid groups. — Comm. 
Pure Appl. Math. 22(2), 213-238 (1969). 

[28] R. C. Lyndon, P. E. Schupp, Combinatorial group theory. — Ergebnisse der Math., 
Springer, Berlin 89 (1977). 


23 



